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We use dimensional analysis and direct numerical simulations to characterize specific
humidity statistics in the equilibrium (quasi-steady) entrainment regime of cloud-free
convective boundary layers that grow into linearly stratified free atmospheres. The first
three moments and the mean vertical flux are studied for arbitrary combinations of
free-atmosphere lapse-rates and surface fluxes of buoyancy and specific humidity. First,
we find the combination of these parameters that distinguishes between the entrainment-
drying regime and the surface-moistening regime. We also provide a zero-order model
describing both regimes. Second, we parametrize the variances in the mixed layer and
in the entrainment zone separately, based on convective and entrainment-zone scales,
respectively. We show that the large variances in the entrainment zone are not only due to
large production rates, but also due to low dissipation rates. Third, we provide the skewness
for any regime between the pure drying limit and the pure moistening limit. The variation
of the skewness indicates that knowing the sign of the skewness near the surface is often
insufficient to distinguish between drying and moistening regimes, in contrast to previous
conjectures. In a more general context, this paper further supports the applicability of direct
numerical simulations to investigate the atmospheric boundary layer, as inferred from the
degree of Reynolds number similarity observed in the results and from the consistency of
the derived parametrizations with field measurements.
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1. Introduction
Surface processes and cloud formation critically depend on the
moisture field in the planetary boundary layer. Measurement
campaigns and numerical simulations have provided considerable
insights into moisture properties during the last decades. For
instance, we have learned to distinguish between drying and
moistening regimes depending on the ratio between entrainment
and surface fluxes, we have learned that the variance of the specific
humidity peaks in the entrainment zone, and we have also learned
that dry air from the free atmosphere can penetrate deep into the
boundary layer, which favours a negative skewness of the specific
humidity in most of the mixed layer (e.g. Deardorff, 1974; Mahrt,
1991; Couvreux et al., 2007; Turner et al., 2014; Wulfmeyer et al.,
2016, and references therein).
However, that previous work is mainly based on single-case
studies, i.e. particular combinations of surface fluxes and
free-atmosphere lapse-rates, and we are still missing the
parametrizations that allow us to extrapolate those results,
quantitatively, to different meteorological conditions. This paper
provides these parametrizations for one regime of the planetary
boundary layer, namely, the equilibrium (quasi-steady) entrain-
ment regime of a free convective boundary layer (CBL) that grows
into a linearly stratified atmosphere (Fedorovich et al., 2004).
This regime occurs over land in strongly convective conditions,
e.g. during the late morning and early afternoon period. In
particular, we systematically analyze the specific humidity field,
and we parametrize its first three moments and mean vertical
flux for arbitrary meteorological conditions, which in that
regime means for arbitrary combinations of surface fluxes and
free-atmosphere lapse-rates of buoyancy and specific humidity.
We first study the transition between drying and moistening
regimes. For typical atmospheric conditions, entrainment tends to
dry the CBL whereas evapotranspiration tends to moisten it. These
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two counteracting processes are characterized by the entrainment
moisture flux and the surface moisture flux. When the former
dominates, the CBL is in the entrainment-drying regime; when the
latter dominates, the CBL is the surface-moistening regime. This
understanding has been well documented using observational
and numerical data (e.g. Mahrt, 1991; Couvreux et al., 2007).
However, in the equilibrium (quasi-steady) entrainment regime
of a CBL, the entrainment flux is a prioriunknown. This motivates
the first goal of this paper: to find a parametrization of the
entrainment flux to predict the meteorological conditions for the
transition between drying and moistening regimes.
The second goal of this paper is to characterize the specific
humidity variance. Understanding and parametrizing the mois-
ture variance is crucial for accurately representing cloud forma-
tion in atmospheric models (e.g. Lewellen and Yoh, 1993; Neggers
et al., 2006; Siebert and Shaw 2017, and references therein). Pre-
vious work has shown that, for typical atmospheric conditions,
the moisture variance peaks in the entrainment zone (Moeng and
Wyngaard, 1984; Mahrt, 1991) and is not characterized by the
convective scales that characterize the variance in the mixed layer
(Deardorff, 1974; Sorbjan, 2005). In general and not only for the
moisture, parametrizing entrainment-zone properties as a func-
tion of the meteorological conditions has remained challenging
for decades, partly due to the lack of accurate data. Recently, Gar-
cia and Mellado (2014) provided parametrizations for buoyancy
properties in the entrainment zone of a shear-free CBL using data
from direct numerical simulation (DNS). Here, we extend this
work and provide parametrizations for the specific humidity.
Last, we investigate the skewness. The moisture skewness is
equally important for cloud formation, since condensation can
only occur once the positive tail of the probability density function
of specific humidity surpasses the saturation vapour humidity (e.g.
Lewellen and Yoh, 1993; Naumann et al., 2013). Qualitatively,
we know that the specific humidity skewness is predominantly
negative in most of the mixed layer and becomes positive in the
upper part of the entrainment zone (Deardorff, 1974; Mahrt,
1991). We also know that the behaviour in the lower part of the
CBL is more variable, becoming positive when surface moistening
is strong enough (Mahrt, 1991; Couvreux et al., 2007). However, a
complete characterization of the moisture skewness for arbitrary
meteorological conditions is still missing. We provide it here for a
shear-free CBL penetrating into a linearly stratified atmosphere as
a function of the surface fluxes and free-atmosphere lapse-rates.
Our analysis also shows that knowing the sign of the skewness is
often insufficient to distinguish between drying and moistening
regimes, in contrast to previous conjectures based on single-case
studies (Mahrt, 1991; Couvreux et al., 2007).
The analysis presented in this paper is based on DNS, dimen-
sional analysis, and a top-down–bottom-up decomposition of
the specific humidity. This formulation allows us to investigate
Figure 1. Sketch of the vertical profiles of buoyancy, b, specific humidity, q,
and normalized top-down scalar, χ . The parameters defining the problem are the
kinematic surface fluxesB0 andFq,0, and the lapse rates in the free atmosphere −N2
and γq. The flux-ratio parameter, ϕ, is defined in Eq. (38). The sketch depicts two
different moisture regimes: entrainment-drying regime (ϕ < ϕcr) and surface-
moistening regime (ϕ > ϕcr). [Colour figure can be viewed at wileyonlinelibrary.
com].
the aforementioned dependencies on the surface fluxes and
free-atmosphere lapse-rates with one single simulation, and all
that remains is to ascertain the sensitivity of the results to the
Reynolds number. After explaining this formulation in section 2,
results are presented in two sections before the conclusions:
section 3 discusses statistical properties of the top-down scalar,
and section 4 constructs and discusses statistical properties of the
specific humidity.
2. Formulation
We consider a convective boundary layer that grows into a linearly
stratified atmosphere without clouds and without a mean wind
(Figures 1 and 2). The background profiles of buoyancy and
specific humidity in the free atmosphere are, respectively,
bbg ≡ N2 z , (1a)
qbg ≡ qbg,0 − γqz , (1b)
where −N2 and γq are the lapse rates, and z is the vertical distance
from the surface. The subscript ‘bg’ indicates background. A list
of symbols is presented in Table 1. The surface is aerodynamically
smooth, and the surface kinematic fluxes of buoyancy and
specific humidity, B0 and Fq,0, are constant and horizontally
homogeneous. We assume Fq,0 ≥ 0 and γq ≥ 0, i.e. a moist
surface and a dry free atmosphere.
2.1. Governing equations
We consider the Navier–Stokes equations under the Boussinesq
approximation (Panton, 2005; Wyngaard, 2010):
∂tui + uj∂jui = −∂ip + ν∂jjui + bδi3 , (2a)
∂juj = 0 , (2b)
∂tb + uj∂jb = κ∂jjb , (2c)
∂tq + uj∂jq = κ∂jjq . (2d)
−2 −1 0 1 2
(q−qbg,0)/qrms, i
Figure 2. Vertical cross-section of the specific humidity for ϕ = ϕcr, i.e. at the transition between drying and moistening regimes. The field is normalized with the
humidity rms in the entrainment zone, qrms,i (Eq. (65)). The short horizontal lines at both sides of the figure indicate z = zenc, i.e., the CBL depth defined in terms of
the encroachment length-scale (Eq. (5)). Data correspond to case Re0 = 117 at zenc/L0 = 21.5 (cf. Table 2). [Colour figure can be viewed at wileyonlinelibrary.com].
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Table 1. List of most relevant symbols. The symbol ξ can be the buoyancy b, the
moisture q, or the normalized top-down scalar χ .
Symbol Description
Fξ Mean vertical flux of ξ . The symbol B is used for the buoyancy flux,
following previous literature.
Fξ ,i Entrainment flux, defined as the local maximum of the magnitude of
Fξ near the CBL top when this maximum exists.
Fξ ,1 Reference entrainment flux (e.g. Eq. (41) for q).
Fξ ,0 Surface flux, a constant in this study.
Fξ ,ref Reference flux, sum of surface flux and reference entrainment flux.
L0 Reference Ozmidov scale, defined by Eq. (4).
Re0 Reference Reynolds number, defined by Eq. (3).
zenc Encroachment length-scale, defined by Eq. (5).
zi,fξ Height of the local maximum of the magnitude of Fξ near the CBL top.
zi,gξ Height of the local maximum of the magnitude of the mean gradient
near the CBL top.
γξ Lapse rate in the free atmosphere, a constant in this study. It is equal to
−N2 for the buoyancy.
δξ Gradient thickness of the transition layer between the entrainment zone
and the free atmosphere (e.g. Eq. (B2) for q).
ξbg Background profile in the free atmosphere.
ξenc Encroachment scale of ξ .
ξml Vertically averaged value between between 0 and zenc (e.g. Eq. (48)
for q).
ξref Reference scale of ξ (e.g. Eq. (39a) for q).
ξrms,i Local maximum of the root-mean-square of ξ near the CBL top.
ϕ Moisture flux-ratio parameter, defined by Eq. (38).
The variable ui is the velocity component in the direction of the
unit vector ei, p is a modified pressure divided by the constant
reference density, b is the buoyancy, and q is the specific humidity.
The parameter ν is the kinematic viscosity, and κ is the thermal
diffusivity. Equation (2c) can be derived from the evolution
equations of the energy variable (e.g. potential temperature or
static energy) and specific humidity assuming that the mass
diffusivity of water vapour is equal to the thermal diffusivity, once
bhas been expressed as a linear combination of the energy variable
and specific humidity by linearizing the equations of state. The
operators ∂t and ∂j are the partial derivatives with respect to time,
t, and with respect to the spatial coordinate xj, and δij is the
Kronecker delta. The Einstein summation convention applies to
Roman-letter indices throughout.
No-penetration, no-slip boundary conditions are imposed at
the bottom boundary of the computational domain, and no-
penetration, free-slip boundary conditions are imposed at the
top boundary. For the buoyancy and specific humidity, we use
the Neumann boundary conditions ∂zb = N2 and ∂zq = −γq
at the top boundary, and ∂zb = −B0/κ and ∂zq = −Fq,0/κ
at the bottom boundary (i.e. constant kinematic fluxes at
the top and at the bottom). Periodicity applies at the lateral
boundaries.
We use DNS, i.e. we solve the Navier–Stokes equations directly,
without any turbulence model (Coleman et al., 1990; Moin and
Mahesh, 1998). This technique removes the uncertainty associated
with turbulence models and numerical artifacts, which proves
convenient in the near-surface region and in the entrainment
zone because small scales become relevant there (Figure 2).
Despite Reynolds numbers in DNS being small compared to
those in the atmosphere, DNS is reaching a degree of Reynolds
number similarity that allows certain extrapolation of the results
to atmospheric conditions (e.g. Mellado, 2012; Jonker et al., 2013;
Waggy et al., 2013; Garcia and Mellado, 2014; van Heerwaarden
and Mellado, 2016).
Equations (2) are solved on a collocated, structured grid
using sixth-order, spectral-like compact finite differences to
approximate spatial derivatives (Lele, 1992), and using a
low-storage, fourth-order Runge–Kutta scheme to advance the
discretized equations in time (Carpenter and Kennedy, 1994).
The divergence-free (or solenoidal) constraint is imposed by
decomposing the pressure-Poisson equation inside the periodic,
horizontal planes using a Fourier transform (Frigo and Johnson,
2005), and by factorizing the resulting set of equations along
the vertical direction (Mellado and Ansorge, 2012). Source files
with the implementation of this numerical algorithm and further
documentation can be found at https://github.com/turbulencia/
tlab (accessed 28 June 2017).
2.2. Dimensional analysis
Dimensional analysis allows us to minimize the number of
simulations needed in the study (e.g. Panton, 2005). We apply
it in this section to the CBL dynamics, and in section 4 to the
specific humidity. From Eqs (2a)–(2c) and the corresponding
boundary conditions, we can infer that the control parameters
{ν, κ , B0, N} fully characterize the CBL dynamics after an initial
transient or spin-up period, once the initial conditions have been
sufficiently forgotten. This set reduces to two non-dimensional
parameters, viz. the Prandtl number ν/κ and a reference Reynolds
number
Re0 ≡ B0/(N2ν) . (3)
Hence, without loss of generality, one single simulation allows us
to study the system for arbitrary combinations of surface buoy-
ancy flux, B0, and stratification strength of the free atmosphere,
N2, for a given Prandtl number and Reynolds number (also Gar-
cia and Mellado, 2014; Mellado et al., 2016). We set the Prandtl
number equal to 1, which is a good approximation to the atmos-
pheric value ≈ 0.7, and we investigate the sensitivity of the results
to Re0.
We will express the dependence of statistical properties on
height and time in terms of the non-dimensional variables z/zenc
and zenc/L0, where L0 is the reference Ozmidov scale (Garcia and
Mellado, 2014)
L0 ≡ (B0/N3)1/2, (4)
and zenc(t) is the encroachment length-scale (Garcia and Mellado,






(〈b〉 − bbg) dz
}1/2
. (5)
Henceforth, angle brackets indicate a horizontal average.
The length-scale L0 is referred to as reference Ozmidov scale
because it provides an estimate for the Ozmidov scale (ε/N3)1/2
in the CBL (Ozmidov, 1965; Smyth and Moum, 2000), since the
viscous dissipation rate in the CBL is an order-of-one fraction
of B0. L0 proves useful in the discussion that follows because it
characterizes the upper region of the entrainment zone, where
the buoyancy stratification of the free atmosphere directly affects
the flow dynamics (Garcia and Mellado, 2014). Typical midday
atmospheric values of L0 vary between 20 and 200 m.
The length-scale zenc characterizes the CBL depth (cf. Figure 2).
We refer to it as the encroachment scale because it reduces to the
CBL depth in the encroachment regime of mixed-layer models
(Lilly, 1968; Carson and Smith, 1975). We use the symbol zenc to
distinguish this length from CBL depths defined in terms of local
properties in the entrainment zone, like the point of maximum
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buoyancy gradient or the point of minimum buoyancy flux,
for which the symbol zi is commonly used in the literature.
These pointwise definitions of the CBL depth are commensurate
with zenc (Sullivan et al., 1998; Garcia and Mellado, 2014). The
encroachment length-scale has the advantage that it is an integral
definition, which is more robust than a pointwise definition, and
its time dependence can be obtained analytically by integrating
the following evolution equation for the mean buoyancy:
∂t(〈b〉 − bbg) = ∂z(κ∂z〈b〉 − 〈b′w′〉) . (6)
This equation follows from averaging Eq. (2c) and from the
assumption that the background buoyancy profile is constant in
time (Eq. (1a)). The integration yields
zenc/L0 =
{
2(1 + Re−10 )N(t − t0)
}1/2
, (7)
t0 being an integration constant. The ratio zenc/L0 is a measure
of the scale separation between the CBL depth and the depth of
the upper region of the entrainment zone. For typical midday
atmospheric conditions zenc ≈ 1000–2000 m, the ratio zenc/L0
varies between 5 and 50. We focus on the equilibrium (quasi-
steady) entrainment regime, which sets in for zenc/L0  10–15
(Fedorovich et al., 2004; Garcia and Mellado, 2014).
2.3. Definition of the normalized top-down scalar
Our analysis is based on a top-down–bottom-up decomposition
of the specific humidity (Moeng and Wyngaard, 1984; Wyngaard
and Brost, 1984). We adopt this approach because q becomes a
passive scalar when the problem is formulated in terms of b and
q instead of temperature and q – changing q without changing
b does not alter the CBL dynamics – and passive scalars can be
conveniently analyzed with such a decomposition (e.g. Cuijpers
and Holtslag, 1998; Patton et al., 2003; de Roode et al., 2004;
Moene et al., 2006).
There are two major steps in this approach. First, we define a
normalized top-down scalar as a linear combination of q and b
according to
χ ≡ q − qbg,0 − (Fq,0/B0) b
γqL0 + (Fq,0/B0)N2L0 (8)
(cf. Figure 1). The numerator ensures that the surface flux of χ
is zero, which is the condition defining a top-down scalar. The
denominator normalizes χ such that vertical displacements of
order L0 in the free atmosphere induce scalar variations of order 1;
this normalization is not necessary, but it is convenient to simplify
the expressions in the following sections. From Eq. (8) and the evo-
lution equations for the buoyancy and specific humidity (Eqs (2c)
and (2d)), we obtain the following evolution equation for χ :
∂tχ + uj∂jχ = κ∂jjχ. (9)
The boundary conditions are ∂zχ = 0 at the bottom boundary
of the computational domain, and ∂zχ = −L−10 at the top
boundary. From Eq. (8) and the definitions of the background
profiles of buoyancy and specific humidity (Eqs (1)), we obtain
the following background profile for χ :
χbg = −z/L0 . (10)
The lapse rate of χ in the free atmosphere is thus L−10 . We will
use these definitions extensively in the following sections.
The second step is to substitute the evolution equation for
the specific humidity (Eq. (2d)), by that of the top-down scalar
(Eq. (9)). The advantage of this substitution is that one single
simulation with b and χ allows us to construct q for any moisture
condition {Fq,0, γq, qbg,0} according to
q = qbg,0 + (Fq,0/B0) b
+ {γqL0 + (Fq,0/B0)N2L0}χ , (11)
after an initial transient (Appendix A). Since the dependence of b
and χ on B0 and N2 can be inferred from one single simulation,
this relationship implies that one single simulation is sufficient
to study the dependence of the specific humidity on the control
parameters {B0, N2, γq, Fq,0} indicated in Figure 1. Additionally,
we need to study the sensitivity of the results to the reference
Reynolds number Re0.
2.4. Description of the simulations
We consider three simulations with three different reference
Reynolds numbers. Table 2 presents basic parameters. Cases
Re0 = 42 and Re0 = 117 have been studied before by Garcia and
Mellado (2014) and by Mellado et al. (2016) and further details of
the simulations can be found there. The final states of development
of the CBL in that previous work were zenc/L0 = 25.7 forRe0 = 42
and zenc/L0 = 18.0 for Re0 = 117. For the current analysis, we
have added χ at those times and continued the simulations
until zenc/L0 = 33.0 and zenc/L0 = 21.7. In the analysis below,
we have used data only after zenc/L0 = 27.0 and zenc/L0 = 19.0,
respectively, to remove part of the initial transient. Additionally,
we have considered a third case with Re0 = 25, to better assess
the dependence of the results on the Reynolds number. This third
case is defined analogously to the previous two cases, but retains
the top-down scalar from the beginning of the simulation, when
zenc/L0 ≈ 0.
3. Top-down scalar
This section characterizes the mean, the variance, and the
skewness of the top-down scalar χ as a function of the variables
{z/zenc, zenc/L0} and the parameter Re0 (cf. section 2.2). The
motivation is twofold. First, the top-down scalar represents the
specific humidity in the pure drying regime, i.e. when the moisture
surface flux is negligible. Second, this characterization is later used
in section 4 to parametrize the corresponding specific humidity
statistics as a function of the control parameters {B0, N2, γq, Fq,0}
indicated in Figure 1.
Table 2. Simulation parameters.
Re0 Grid Domain size zenc/L0 Re∗ Ret
25 12802 × 512 (215 L0)2 ×162 L0 35.9 2960 1440
42 25602 × 896 (215 L0)2 × 81 L0 33.0 4420 2400
117 51202 ×1024 (215 L0)2 × 64 L0 21.7 7060 4120
Columns 4–6 correspond to the final time in each of the three simulations. The
reference Ozmidov scale, L0, is defined in Eq. (4). The encroachment length
scale, zenc, is defined in Eq. (5). The convective Reynolds number is defined as
Re∗ ≡ zencw∗/ν, where w∗ is the convective velocity (Eq. (30a)). The turbulent
Reynolds number is defined as Ret ≡ maxz{e2/(εν)}, where e ≡ 〈u′iu′i〉/2 is the
turbulence kinetic energy and ε ≡ ν〈(∂ku′i + ∂iu′k)∂ku′i〉 is its viscous dissipation
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Re0 = 25, z enc / L0 21
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Figure 3. Normalized profiles of (a) the mean top-down scalar and (b) its mean vertical flux. Lines indicate time averages over 3–8 convective time-scales zenc/w∗
(5–8% of zenc/L0), and shadows mark intervals of two standard deviations around those averages. [Colour figure can be viewed at wileyonlinelibrary.com].
3.1. Mean properties and bulk analysis
The mean buoyancy profile is characterized by the set of
encroachment scales {zenc, benc}, where
benc ≡ N2zenc . (12)
This means that the function b−1enc〈b〉(z/zenc , zenc/L0) is of order
one and becomes self-similar as the CBL expands in time (i.e.
independent of zenc/L0 and only a function of the normalized





varies as bml = β benc, where β = 1.01 ± 0.01 (Garcia and
Mellado, 2014).





and we use an integral analysis of the evolution equation for χ




(〈χ〉 − χbg) dz = −κL−10 (t − tχ ,0), (15)
where tχ ,0 is an integration constant equivalent to t0 in Eq. (7).
The left-hand side can be estimated as
∫ z∞
0
(〈χ〉 − χbg) dz ≈
∫ zenc
0
(〈χ〉 − χbg) dz
= χmlzenc + (1/2)L−10 z2enc .
(16)
The right-hand side of Eq. (15) can be estimated as




2Pr(Re0 + 1) (17)
when t  tχ ,0 and t  t0, i.e. when the initial conditions have
been sufficiently forgotten. The last equality stems from Eq. (7).
For the high Reynolds numbers characteristic of the atmosphere,
Re0 ≈ 106 –107, this term is always negligible compared to any
of the two terms in Eq. (16), i.e. the decrease of χml by the
downward molecular flux is negligible compared to the decrease
by turbulent mixing with the free atmosphere. Hence, the integral
analysis of the evolution equation for χ yields the estimate
χml ≈ −(1/2) zenc/L0, which suggests the definition
χenc ≡ −(1/2)L−10 zenc (18)
as encroachment scale for χ . The self-similar behaviour of the
normalized profiles in Figure 3(a) confirms zenc and χenc as
characteristic scales for the mean scalar, and we can write
χml = βχχenc, where βχ ≈ 1.16 (Table 3). We observe that values
corresponding to different Reynolds numbers are within 2%,
indicating a degree of Reynolds number similarity that supports
certain extrapolation of the results to atmospheric conditions.
This convergence towards Reynolds number similarity is further
discussed in section 4.
The mean vertical flux
Fχ ≡ 〈χ ′w′〉 − κ∂z〈χ〉 (19)
can also be partly characterized from the analysis of the
evolution equation for 〈χ〉; henceforth, primes indicate turbulent-
fluctuation fields, e.g. χ ′ = χ − 〈χ〉. First, taking the vertical
derivative of the two sides of this evolution equation yields that
Fχ is approximately linear with respect to z, since the shape of the
vertical profile of 〈χ〉 is approximately time invariant in the mixed
layer (Figure 3(a)). Hence, Fχ increases from 0 at the surface (the
boundary condition) to a maximum Fχ ,i near the inversion. We
will refer to Fχ ,i as entrainment flux of the top-down scalar.
Second, an order-of-magnitude analysis provides the following
estimate of the entrainment flux:














is a mean entrainment velocity. We have used the approximation
zencwenc ≈ L20N, valid for high enough Reynolds numbers (cf.
Eq. (7)). Figure 3 confirms this analysis: when normalized with
zenc and L0N, profiles of Fχ behave self-similarly and reach a
maximum magnitude between 0.55 and 0.60 near the inversion
(Table 3).
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Table 3. Self-similar constants of mean properties of the top-down scalar.
Re0 χml/χenc Fχ ,i/(L0N) zi,gχ /zenc zi,fχ /zenc
25 1.18 0.57 1.19 0.98
42 1.16 0.59 1.19 1.01
117 1.16 0.56 1.20 0.99
The mixed-layer value is defined by Eq. (14), and the encroachment scale by
Eq. (18). In the last two columns, zi,gχ is the height of minimum mean gradient,
and zi,fχ is the height of maximum flux, Fχ ,i .
5 10 15 20 25 30 35 40








c z i,gχ / z enc
z i,fχ / z enc
Re0 = 25 Re0 = 42 Re0 = 117
Figure 4. Temporal evolution of the normalized heights of the minimum mean
gradient of top-down scalar, zi,gχ , and of its maximum mean flux, zi,fχ . Lines
indicate time averages within an interval zenc/L0 = 1, and shadows mark
intervals of two standard deviations around those averages. [Colour figure can be
viewed at wileyonlinelibrary.com].
Table 3 further presents reference heights defined in terms
of the top-down scalar, namely the height of minimum
mean gradient, zi,gχ , and the height of maximum flux, zi,fχ .
After the initial transient, these reference heights become
proportional to zenc and independent of Re0 (Figure 4). The
corresponding heights defined in terms of the buoyancy satisfy
zi,gb/zenc =1.24 ± 0.01 and zi,fb/zenc =1.15 ± 0.01 (Garcia and
Mellado, 2014). Hence, the minimum scalar gradient occurs
relatively close to the maximum buoyancy gradient, which will
help later to derive entrainment-zone scales. In contrast, the
scalar flux peaks at a distance ≈ 0.15 zenc below the minimum
buoyancy flux, which is more than half the entrainment-zone
thickness (the entrainment-zone thickness is about 0.25 zenc). For
typical midday atmospheric conditions zenc ≈ 1000–2000 m; this
result implies that the difference between the height of minimum
buoyancy flux and maximum scalar flux is ≈ 150–300 m, which
indicates that some entrainment-zone properties can differ
significantly among scalar fields.
3.2. Zero-order bulk model
In this subsection, we derive a zero-order model for χ . Bulk
models, such as the zero-order models sketched in Figure 1,
provide simple but accurate representations of the bulk properties
discussed in the previous subsection. Applied to the buoyancy,
an integral analysis provides the following expressions for the
properties defining the zero-order model (Fedorovich et al.,
2004, give a review):
h(0) = α(0) zenc , (22a)
b(0)ml = β(0) benc , (22b)
B(0)h = −A(0) B0 . (22c)
The variable h(0) is the CBL depth, B(0)h is the buoyancy flux at
the CBL top, and the superscript ‘0’ indicates the zero-order
model. Substituting Eqs (22) into the mixed-layer and the
entrainment-rate equations for the buoyancy, we obtain that the
model coefficients satisfy the following relationships:
A(0) = {(α(0))2 − 1}/2 , (23a)
β(0) = (1 + A(0))(1 + 2A(0))−1α(0) , (23b)
having used the approximation Re−10 ≈ 0. One of the three model
coefficients {α(0), β(0), A(0)} remains free. It is common practice
to choose h(0) to coincide with the height of minimum buoyancy
flux, zi,fb. For the equilibrium (quasi-steady) entrainment regime
of a CBL growing into a linearly stratified atmosphere, we know
that α(0) = 1.15 ± 0.01 for this height (Garcia and Mellado,
2014), which implies A(0) = 0.16 ± 0.01 and β(0) = 1.01 ± 0.01.
As a result, the model value b(0)ml ≈ 1.01 benc agrees with the actual
bulk value bml ≈ 1.01 benc.
For the top-down scalar, we can proceed similarly to the
analysis of the buoyancy summarized above. The mixed-layer










is the mean entrainment velocity associated with h(0). We assume
that the CBL depth defined in terms ofχ is the same as that defined
in terms of b, i.e. h(0) = α(0)zenc is given from the bulk model for
b. We could adopt a different CBL depth for χ , but this choice
proves convenient for the description of q in section 4. Besides,
the zero-order model is not designed to describe characteristics
inside the entrainment zone (Fedorovich et al., 2004), such as the
differences between the flux-based reference heights of b and χ
presented in the previous subsection. Then, Eq. (24) is an ordinary
differential equation for the mixed-layer value as a function of
time. We can expressχ (0)ml as a function ofh




= −w(0)e (h(0)/L0 + χ (0)ml ); (26)
the initial condition is χ (0)ml = 0 at h(0) = 0. The solution to this
initial value problem is −(1/2)h(0)/L0, which can be written in
terms of χenc as (cf. Eq. (18))
χ
(0)
ml = β(0)χ χenc , β(0)χ = α(0). (27)
Using α(0) ≈ 1.15 from the bulk model for the buoyancy, we
obtain β(0)χ ≈ 1.15, which is very close to the value βχ ≈ 1.16
obtained in the previous subsection (cf. Table 3). The mixed-layer
value in the zero-order model approximates very well the actual
mixed-layer value below z ≈ 0.8 zenc (cf. Figure 3(a)).
The entrainment-rate equation provides the flux at the CBL
top in the zero-order model:







Substituting Eq. (25), Eq. (27) and h(0) = α(0)zenc into this
equation, and using the approximation zencwenc ≈ L20N (cf.
Eq. (7)), we obtain
F(0)χ ,i = (1/2 + A(0)) L0N . (29)
Choosing h(0) equal to the height of minimum buoyancy
flux, we obtain 1/2 + A(0) ≈ 0.66. Figure 3(b) shows that the
resulting model flux approximates very well the actual flux below
z ≈ 0.8 zenc.
In summary, Eqs (27) and (29) accurately approximate bulk
properties of the normalized top-down scalar. These equations
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Figure 5. Normalized profiles of the rms of the turbulent fluctuation of (a) buoyancy and (b) top-down scalar. Lines indicate time averages over 3–8 convective
time-scales zenc/w∗ (5–8% of zenc/L0), and shadows mark intervals of two standard deviations around those averages. [Colour figure can be viewed at wileyonlinelibrary.
com].
Table 4. Self-similar constants of second- and third-order moments.
Mixed layer Entrainment zone
Re0 brms/b∗ χrms/χ∗ ρbχ Sb Sχ brms/bδ χrms/χδ Sb Sχ
25 1.06 4.23 0.17 1.89 −1.56 0.25 0.35 −2.60 7.85
42 1.06 4.50 0.17 1.84 −1.50 0.31 0.43 −2.75 8.70
117 1.04 4.35 0.14 1.80 −1.40 0.38 0.54 −3.15 9.25
Mixed-layer values are calculated at a height z = 0.5 zenc. Entrainment-zone values are maximum values. The buoyancy scale bδ is defined as N2(0.1 zenc + δb) (cf.
Eq. (32)) and the scalar scale χδ is defined as L
−1
0 (0.31 zenc + δχ ) (cf. Eq. (36)).
already provide a good characterization of the specific humidity
in the pure drying regime. Additionally, we will use these results
in section 4 to construct a bulk model for the specific humidity
valid for arbitrary combinations of surface fluxes and lapse rates
in the free atmosphere.
3.3. Variance in the mixed layer
The intensities of the turbulent fluctuations of the velocity and
buoyancy in the mixed layer are characterized by the following
convective scales (Deardorff, 1970):
w∗ ≡ (B0zenc)1/3, (30a)
b∗ ≡ B0/w∗ . (30b)
This characterization means that temporally evolving vertical
profiles of root-mean-square (rms) of the velocity components
and buoyancy, when normalized with the CBL depth and w∗
and b∗, become self-similar. Figure 5(a) illustrates this behaviour
for the buoyancy, where brms = 〈b′b′〉1/2. The dependence of the
normalized rms on the state of development of the CBL, zenc/L0,
and on the reference Reynolds number, Re0, is less than 2% in the
equilibrium (quasi-steady) entrainment regime (also Table 4).
Correspondingly, we conjecture that the convective scale
χ∗ ≡ (1/2)L0N/w∗ (31)
characterizes the intensity of the turbulent fluctuations of χ in
the mixed layer. This expression is motivated by previous work
using χ∗ ≈ Fχ ,i/w∗ as convective scale (Moeng and Wyngaard,
1984; Moene et al., 2006), and our previous finding that L0N
is a good estimate of the entrainment flux of the top-down
scalar, Fχ ,i (Figure 3(b)). The factor 1/2 is explained in section 4.
Figure 5(b) supports this definition of convective scale, since
the profiles of χrms = 〈χ ′χ ′〉1/2 below z ≈ 0.8 zenc become self-
similar when normalized with the CBL depth and χ∗ (also
Table 4).
We observe in Figure 5 and Table 4 that the normalized rms of
the top-down scalar in the mixed layer is significantly larger than
that of the buoyancy. This behaviour has been well documented
in the past, and it has often been attributed to the high production
rates of χ2rms near the CBL top, where the magnitude of the mean
scalar gradient is maximum (e.g. Deardorff, 1974; Moene et al.,
2006). However, our data indicate that this cannot be the only
explanation, since we find a variance χ2rms near the CBL top
that is larger than the variance {brms/(N2L0)}2 near the surface,
but the latter has a higher production rate (not shown). High
production rates of buoyancy variance near the surface are caused
by the high mean gradient that develops near aerodynamically
smooth surfaces (Mellado et al., 2016) or near surfaces with a
small roughness (e.g. Patton et al., 2003). Hence, production rates
of buoyancy variance near surfaces with small roughness can be
larger than production rates of scalar variance in the entrainment
zone, and still the scalar variance in the mixed layer can be larger.
Thus, there must be other reasons for the larger variance of
top-down scalars.
One reason we find is that the dissipation of variance of scalar
fields is as important as its production in this comparison. The
dissipation rate of buoyancy variance near the surface is large,
whereas the dissipation rate of top-down scalar near the CBL
top is small. This can be quantified in terms of the dissipation
time scale, i.e. the ratio between the variance and its molecular
dissipation rate (Moeng and Wyngaard, 1989). Figure 6 shows that
the dissipation time-scale is about 3–6 times larger for the top-
down scalar than for the buoyancy. We attribute this difference to
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Figure 6. Normalized profiles of the dissipation time-scales of (a) buoyancy, τb = b2rms/εb, and (b) top-down scalar, τχ = χ2rms/εχ . The dissipation rates are defined
as εb = 2κ〈∂ib′∂ib′〉 and εχ = 2κ〈∂iχ ′∂iχ ′〉. Lines indicate time averages over 3–8 convective time-scales zenc/w∗ (5–8% of zenc/L0), and shadows mark intervals of
two standard deviations around those averages. [Colour figure can be viewed at wileyonlinelibrary.com].
the different length-scales at which variance is created: buoyancy
variance near the surface is created at the surface scales, which
are much smaller than the CBL depth (Mellado et al., 2016),
whereas top-down variance near the CBL top is generated at
scales commensurate with the CBL depth. Hence, when surface
scales are much smaller than the CBL depth, as depicted in
Figure 2, the top-down variance needs more time to dissipate
because it first needs to be transferred to the small scales through
the break-up of large motions into smaller ones (the Richardson
cascade process; Pope, 2000).
3.4. Variance in the entrainment zone
In the entrainment zone, convective scales do not characterize
turbulent-fluctuation fields, since brms/b∗ and χrms/χ∗ are
not self-similar there (Figure 5). Sorbjan (2005) proposed
entrainment-zone scales based on the local mean gradients,
which is supported by the significant correlation between the
variance and the local mean gradient observed in simulations
and measurements (e.g. Deardorff, 1974; Turner et al., 2014).
However, the dependence of the entrainment-zone mean
gradients on the CBL depth and the meteorological conditions
still needs to be provided. Garcia and Mellado (2014) derived first
approximations for these dependencies for the case considered
here, namely, a shear-free CBL penetrating into a linearly stratified
atmosphere. Their analysis leads to the following scaling law for
the maximum buoyancy rms:









is a gradient thickness characterizing the transition layer between
the entrainment zone and the free atmosphere (cf. figure 5 in
Garcia and Mellado, 2014). Henceforth, a subscript zi next to
a variable indicates that the variable is evaluated at that height,
which in Eq. (33) is the height of maximum buoyancy gradient.
The derivation of Eq. (32) involves two assumptions. First, we
assume
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Figure 7. Temporal evolution of entrainment-zone properties: (a) buoyancy,
(b) top-down scalar, and (c) gradient thickness. The buoyancy scale bδ is
defined as N2(0.1 zenc + δb) (cf. Eq. (32)) and the scalar scale χδ is defined
as L−10 (0.31 zenc + δχ ) (cf. Eq. (36)). Lines indicate time averages within an
interval zenc/L0 = 1, and shadows mark intervals of two standard deviations
around those averages. [Colour figure can be viewed at wileyonlinelibrary.com].
where the last equality follows from the definition of δb (Eq. (33)).
Second, we assume that 〈b〉zi,gb is a linear combination of bml =
βN2zenc and (bbg)zi,gb = N2zi,gb, where the first contribution
represents the mean buoyancy at z = zi,gb inside the penetrating
thermals and the second contribution represents the mean
buoyancy outside them. The weighting factors of this linear
combination would be the area fraction occupied by each region
(Deardorff et al., 1980). As a first approximation, we have
considered an area fraction of 0.5, which explains the term
0.1 zenc in Eq. (32) because then
(bbg − 〈b〉)zi,gb ≈ N2(zi,gb − β zenc)/2 ≈ 0.1N2zenc,
having used the results zi,gb ≈ 1.2 zenc and β ≈ 1.01. (Garcia and
Mellado, 2014, used zi,gb ≈ 1.24 zenc and no area fraction, but in
retrospect it seems physically reasonable to incorporate an area
fraction in the derivation as explained above, even if the accuracy
of Eq. (32) remains similar.) Figure 7(a) shows that this choice
provides an approximation to brms,i within 20%, which is the
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Figure 8. Profiles of the skewness of (a) buoyancy and (b) top-down scalar. Lines indicate time averages over 3–8 convective time-scales zenc/w∗ (5–8% of zenc/L0),
and shadows mark intervals of two standard deviations around those averages. [Colour figure can be viewed at wileyonlinelibrary.com].
variation observed between the two cases with largest Reynolds
numbers (also Table 4).
The gradient thickness can be approximated as (Garcia and
Mellado, 2014)
δb ≈ 0.5w∗/N = 0.5 (zenc/L0)1/3L0, (34)
where the last equality follows from the definition of the convec-
tive velocity scale (Eq. (30a). According to this result and parcel
theory, δb can be interpreted as a penetration depth of thermals
into the free atmosphere: given a parcel of fluid with a vertical
velocity proportional to w∗ at its neutral-buoyancy level in a lin-
early stratified environment, the vertical displacement reached by
that parcel of fluid is proportional to w∗/N, where N is the buoy-
ancy frequency of the environment. Equation (34) shows that L0
characterizes the upper region of the entrainment zone (Eq. (4)),
since 0.5(zenc/L0)1/3 ≈0.9–1.8 for the range zenc/L0 ≈5–50 that
corresponds to typical midday atmospheric conditions.
Equations (32) and (34) show that, as the CBL grows, the
contribution from N2zenc to brms,i dominates, i.e. the buoyancy
rms in the entrainment zone is increasingly determined by
the encroachment scale benc = N2zenc. However, for typical
atmospheric values, δb can be a non-negligible fraction of the
entrainment-zone thickness (e.g. 30% for zenc/L0 ≈20) and the
contribution from N2δb is important.
Equations (32) and (34) also show that the intensity of the
buoyancy fluctuation in the entrainment zone increases in time
as the CBL grows. Physically, the reason is the increase in time
of the difference between the buoyancy inside the penetrating
thermals and outside them. In contrast, brms in the mixed layer
decreases in time as the CBL grows, since b∗ decreases according
to Eqs (30); the mixed layer becomes better mixed.
For the top-down scalar, we can proceed similarly to the











χrms,i ∝ −δχ (∂z〈χ〉)zi,gχ = L−10 δχ −(χbg−〈χ〉)zi,gχ ;
last, we estimate 〈χ〉zi,gχ as the average between χml =
−(1/2)βχL−10 zenc and (χbg)zi,gχ = −L−10 zi,gχ (Eq. (10)). In this
way, we obtain
χrms,i ≈ cχ2 L−10 (0.31 zenc + δχ ), (36)
having used the results zi,gχ ≈ 1.2 zenc and βχ ≈ 1.16 (Table 3).
In principle, δχ and δb could be different. However, Figure 7(c)
shows that δχ ≈ δb, which implies that one single length-scale,
namely the penetration depth, characterizes both scalars at the
top of the entrainment zone. Hence, Eqs (34) and (36) provide
the scalar rms in the entrainment zone as a function of the CBL
depth and the meteorological conditions. The uncertainty in the
approximation of χrms,i is also on the order of 20%, as inferred
from Figure 7(b) and Table 4. Equation (36) indicates that, as
occurred with the buoyancy, the scalar rms in the entrainment
zone grows in time and it is increasingly determined by the
encroachment scale.
3.5. Skewness
We conclude the discussion of the top-down scalar by analyzing its
skewness,Sχ = 〈χ ′3〉/χ3rms. In the entrainment zone, the skewness
of the top-down scalar and the skewness of the buoyancy,
Sb = 〈b′3〉/b3rms, have opposite signs but otherwise a similar
vertical structure (Figure 8). The skewness of the buoyancy
is negative in the entrainment zone and reaches the absolute
minimum at z ≈ 1.3 zenc, i.e. above the height of maximum
gradient (or maximum rms), which occurs at zi,gb ≈ 1.2 zenc.
This negative skewness represents the penetration of updraughts
into the free atmosphere: the tops of the updraughts occupy a
small fraction of a horizontal cross-section and their buoyancy
is smaller than that in the environment. Concomitantly, the
skewness of the top-down scalar in the entrainment zone is
positive, reaching an absolute maximum at z ≈ 1.3 zenc, for a
similar argument: moist updraughts are penetrating into an
increasingly drier fluid. At z/zenc ≈ 1.1–1.2, i.e. slightly below
the height of maximum magnitudes of the mean gradients (or
maximum rms), the skewnesses reverse sign. This is caused by the
entrainment of buoyant and dry air from the free atmosphere,
which converges towards the centres of the subsiding regions.
This behaviour agrees with previous observational and numerical
data (Deardorff, 1974; Mahrt, 1991; Couvreux et al., 2005; Turner
et al., 2014).
Further down into the mixed layer, differences in the vertical
structure of Sb and Sχ become more prominent because of the
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different boundary conditions at the surface. The top-down scalar
has a zero surface flux, and mixed-layer properties are strongly
determined by entrainment zone properties, the magnitude of the
skewness decreasing from 2 at the top of the mixed layer to less
than 1 near the surface. For the buoyancy, the surface flux induces
a larger magnitude of the near-surface skewness, around 2, as a
result of warm fluid particles converging towards the relatively
narrow updraughts that define the cellular structure of the CBL.
We will see in the following section that the skewness of the
specific humidity above z ≈ 0.8 zenc is very similar to the skewness
of the top-down scalar. However, below that height, the skewness
of specific humidity can strongly vary with the meteorological
conditions.
4. Specific humidity
Statistical properties of the specific humidity depend on
{Fq,0, γq, qbg,0} in addition to {z/zenc, zenc/L0} and Re0 (cf.
section 2.2). However, dimensional analysis allows us to reduce
the number of additional control parameters from three to
essentially just one, which facilitates the analysis and description
of moisture statistics. For that purpose, we write Eq. (11) in the
non-dimensional form








is a flux-ratio parameter varying between 0 and 2. For notational
convenience, we have introduced the following reference scales:
qref ≡ (1/2)(L0N)−1Fq,ref , (39a)
χref ≡ (1/2)(L0N)−1Fχ ,ref = 1/2 , (39b)
bref ≡ (1/2)(L0N)−1Fb,ref = N2L0 , (39c)
where L0 is defined in Eq. (4). The reference fluxes Fb,ref ≡ 2B0
and Fχ ,ref ≡ L0N are the sums of entrainment contributions
N2L0(L0N) = B0 and L−10 L0(L0N) = L0N, respectively, and
surface contributions B0 and 0. Analogously, we have defined
Fq,ref ≡ Fq,1 + Fq,0 , (40)
where
Fq,1 ≡ γqB0N−2 = γqL0(L0N) (41)
provides a reference scale for the entrainment flux of specific
humidity in the drying regime, as demonstrated in the following
sections. The last equality allows us to interpret Fq,1 as the product
of a moisture scale γqL0 and a velocity scale L0N = (B0L0)1/3. The
prefactors 1/2 in the definitions of qref , bref and χref result from
the integral analysis of the corresponding evolution equations (as
explained in section 3.1).
The choices of the flux-ratio parameter ϕ and the reference
moisture flux Fq,ref to characterize the specific humidity are not
unique and warrant further explanation. We could have chosen
Fq,0 or Fq,1 instead of Fq,ref , and we could have used Fq,1/Fq,0
instead of ϕ following previous studies of passive scalars in CBLs
with an imposed strong inversion (e.g. Moeng and Wyngaard,
1984; de Roode et al., 2004; Moene et al., 2006). We favour ϕ,
first because it naturally leads to the reference scales for moisture
and moisture flux defined before (cf. Eqs (39a) and (40)) and
the convective scale introduced in section 4.3 (cf. Eq. (61)),
and these scales already account for a leading-order dependence
of moisture statistics on meteorological conditions. At the same
time, the condition ϕ ≈ 1 still corresponds to Fq,1/Fq,0 ≈ 1, i.e. an
entrainment flux comparable with the surface flux, which marks
the transition between drying and moistening regimes (Mahrt,
1991).
A second reason for our choice of flux-ratio parameter and
reference moisture flux is that they lead to weighting factors
of order one in a bottom-up–top-down decomposition of the
specific humidity field (cf. Eq. (37)):
(q − qbg,0)/qref = ϕ (b/bref + χ) + (2 − ϕ) χ. (42)
The first term on the right-hand side is a bottom-up contribution
proportional to ϕ; the normalized field b/bref + χ has a zero lapse
rate in the free atmosphere and a constant surface flux L0N. The
second term is a top-down contribution proportional to (2 − ϕ);
the normalized field χ has a zero surface flux and a constant lapse
rate that leads to an entrainment flux proportional to L0N (cf.
section 3.1).
In summary, the analysis of moisture statistics introduces
solely one additional non-dimensional parameter, ϕ, and
statistical properties of (q − qbg,0)/qref can be fully characterized
as functions of two independent variables, {z/zenc, zenc/L0},
and two independent parameters, {ϕ, Re0}. Typical mid-
day atmospheric values are B0 ≈ (0.3–1.0)×10−2 m2 s−3,
N≈ (0.6–1.8)×10−2 s−1, γq≈ (0–2.0)×10−3g kg−1m−1
and Fq,0 ≈ (0.3–1.0)×10−1g kg−1m s−1 (equivalently,
latent heat fluxes ≈ (100–300) W m−2, or evapo-
ration rates ≈ (3–10) mm day−1). Hence, we find
Fq,1 ≈ (0–5.0)×10−1g kg−1m s−1, and ϕ can practically
adopt any possible value between its theoretical limits, 0 and 2;
we explore this interval in the following analysis.
For conciseness, we will discuss specific humidity properties
derived only from the simulation with the highest Reynolds
number, Re0 = 117. The uncertainty in specific humidity
properties due to Reynolds number effects is similar to that
found in the properties of the buoyancy and the top-down scalar:
of order 5% or less in mixed-layer properties, and of order 20%
or less in entrainment-zone properties (cf. Table 4). Although
20% is arguably non-negligible, the observed Reynolds number
dependence strongly indicates convergence towards Reynolds
number similarity: a change of Reynolds number by a factor of 1.7
between Re0 = 25 and Re0 = 42 yields variations in entrainment-
zone properties of ≈ 20%, which is the same variation observed
when the Reynolds number is changed even more strongly, by a
factor of ≈ 3, between Re0 = 42 and Re0 = 117. The Taylor-scale
Reynolds number corresponding to Re0 = 117 is
Reλ ≡ u′λ/ν =
√
(20/3)Ret ≈ 160
(cf. Table 2), where u′ ≡ (2e/3)1/2 is the magnitude of the velocity
fluctuation and λ ≡ (15νu′2/ε)1/2 is a Taylor length-scale (Pope,
2000). This convergence towards Reynolds number similarity
at Taylor-scale Reynolds numbers Reλ ≈ 100–200 agrees with
that reported in other turbulent flows (Dimotakis, 2000), and
supports the conclusion reached in previous studies that DNS is
becoming applicable to study atmospheric flows (e.g. Mellado,
2012; Jonker et al., 2013; Waggy et al., 2013; Garcia and Mellado,
2014; van Heerwaarden and Mellado, 2016).
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Figure 9. Contour plots of (a) the normalized mean specific humidity and (b) its mean vertical flux as a function of the normalized distance from the surface and
the flux-ratio parameter ϕ (cf. Eq. (38)). ϕ = 0 corresponds to pure drying conditions and ϕ = 2 to pure moistening conditions. [Colour figure can be viewed at
wileyonlinelibrary.com].
4.1. Mean properties and bulk analysis
Within this section, we will discuss statistical properties of the
specific humidity in the same sequence as we discussed statistical
properties of the top-down scalar in section 3. We start with
the mean properties. Normalized mean properties of q can be
obtained from
(〈q〉 − qbg,0)/(qref zenc/L0) =
〈χ〉/(χref zenc/L0) + ϕ 〈b〉/(bref zenc/L0) (43)
and
Fq/Fq,ref = Fχ/Fχ ,ref + ϕ B/Fb,ref . (44)
Equation (43) stems from Eq. (37), and Eq. (44) follows from
Eq. (19) and the definitions of the mean vertical fluxes of buoyancy
and specific humidity:
B ≡ 〈b′w′〉 − κ∂z〈b〉 (45)
and
Fq ≡ 〈q′w′〉 − κ∂z〈q〉 . (46)
In the equilibrium (quasi-steady) entrainment regime, the
dependence of normalized mean properties on zenc/L0 is
negligible (cf. section 3.1), and thus we only need to examine
the dependence on {z/zenc , ϕ}. This dependence is provided
graphically in Figure 9. For ϕ ≈ 0 we are close to the pure drying
regime: the CBL dries because the flux of moisture out of the CBL
(entrainment drying) dominates over the surface flux into the
CBL (surface moistening). The flux increases from approximately
0 near the surface to a maximum near the inversion equal to
Fq,i ≈ {Fχ ,i/(L0N)} Fq,ref ≈ 0.56 Fq,1 , (47)
as obtained by substituting ϕ ≈ 0 into Eq. (44) and using the
estimate Fχ ,i/(L0N) ≈ 0.56 for the normalized entrainment flux
of the top-down scalar (cf. Table 3). This maximum defines the
entrainment flux of specific humidity in pure drying conditions.
Hence, Eq. (47) confirms the interpretation of the parameter Fq,1
as a reference scale for the entrainment flux of specific humidity
(cf. Eq. (41)). As ϕ increases – due to a slower growth of the
CBL (smaller B0 or larger N), due to a larger surface flux Fq,0,
or due to a smaller lapse rate γq (cf. Eq. (38)) – the CBL dries
less rapidly because surface moistening increasingly compensates
entrainment drying. For values of ϕ slightly greater than 1, the
surface moistening starts to dominate over entrainment drying
(Figure 9(b)) and the CBL starts to moisten (Figure 9(a)). The
cross-over value ϕcr that marks this transition between drying
and moistening regimes will be obtained analytically below. For
ϕ ≈ 2 we approach the pure moistening regime: Fq,1 is negligible
compare to Fq,0 and Fq,0 fully characterizes the mean vertical
flux, which decreases from Fq,0 to ≈ Fq,0/2 across the mixed layer
(Figure 9(b)).






by substituting 〈q〉 as provided by Eq. (43) into the right-hand
side of the definition of qml, and using Eqs (13) and (14). This
substitution yields
qml = qbg,0 + βq qref zenc/L0 , (49)
where
βq ≡ ϕ β − βχ . (50)
The coefficients β ≈ 1.01 and βχ ≈ 1.16 characterize the mixed-
layer values of buoyancy and top-down scalar (cf. section 3.1).
The linear dependence of βq on ϕ quantifies the linear variation
with ϕ depicted in Figure 9(a). The condition βq = 0 provides
the cross-over value
ϕcr = β−1βχ ≈ 1.15 (51)
to distinguish between the drying regime (ϕ < ϕcr) and the
moistening regime (ϕ > ϕcr). The corresponding ratio between
the surface flux and the reference flux is (Fq,0/Fq,ref )cr = ϕcr/2 ≈
0.57. Consistently, the contour in Figure 9(b) corresponding to
this value is approximately vertical, indicating a constant vertical
flux Fq ≈ Fq,0 below z ≈ 0.8 zenc. The ratio Fq,0/Fq,ref ≈ 0.57 at
ϕ = ϕcr approximately coincides with the ratio Fq,i/Fq,ref ≈ 0.56
at ϕ = 0 (cf. Eq. (47)). Hence, transition occurs when the
surface flux of specific humidity, in units of Fq,ref , has increased
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to match the entrainment flux of specific humidity in pure
drying conditions. However, note that the entrainment flux
concomitantly increases with Fq,0 because Fq,ref increases: at
transition, the vertical flux of specific humidity below z ≈ 0.8 zenc
is Fq≈Fq,0 = ϕcr/(2 − ϕcr)Fq,1 ≈1.35 Fq,1, which is more than
twice the entrainment flux of specific humidity in the pure drying
regime, Fq,i ≈ 0.56 Fq,1.
The magnitude of qml is represented by qref zenc/L0. We
can readily check that this scale provides the correct order
of magnitude of mean specific humidity in the mixed
layer. For typical atmospheric conditions, one finds L0N ≈
1 m s−1 and Fq,ref = Fq,0 + Fq,1 ≈ 0.1–0.6 g kg−1m s−1, which
implies qref = (1/2)Fq,ref (L0N)−1 ≈ 0.05–0.3 g kg−1; for a state
of development of the CBL zenc/L0 ≈ 10–50, this implies mean
specific humidities in the range 0.5–15 g kg−1, in agreement with
observations (Couvreux et al., 2005, 2007; Muppa et al., 2016;
Wulfmeyer et al., 2016).
To conclude the bulk analysis of the specific humidity, we
express qml in terms of the basic parameters by substituting
Eqs (38) and (39a) into Eq. (49). This substitution yields
qml = qbg,0−0.58 γqzenc+0.43 (Fq,0/B0)N2zenc , (52)
where the numerical factors stem from βχ/2 ≈ 0.58 and
β − βχ/2 ≈ 0.43. This expression shows explicitly the two
contributions to qml: an entrainment contribution proportional
to the lapse rate and a surface contribution proportional to
the surface flux. This result further supports the definition
of qref in Eq. (39a) because we can write this definition as
qref = (1/2)γqL0+(1/2)(Fq,0/B0)N2L0 and thus we can interpret
qref as the sum of reference magnitudes of the entrainment and
surface contributions in Eq. (52).
4.2. Zero-order bulk model
As discussed in section 3.2, a zero-order model provides a simple
but accurate description of bulk properties, which motivates
the construction of such a model for the specific humidity. A
zero-order model for the specific humidity can be constructed by
combining the zero-order models for the buoyancy and top-down
scalar according to Eq. (37). For the mean specific humidity, this
combination yields
q(0)ml = qbg,0 + β(0)q qref zenc/L0 . (53)
The coefficient β(0)q is defined by
β(0)q ≡ ϕ β(0) − β(0)χ , (54)
where β(0) and β(0)χ are given in section 3.2 in terms of the model
coefficient α(0) (or, equivalently, A(0)). The cross-over value of
the flux-ratio parameter in the zero-order model is
ϕ(0)cr = (β(0))−1β(0)χ =
2(α(0))2
1 + (α(0))2 ≈ 1.14 , (55)
where the numerical value corresponds to α(0) ≈ 1.15, i.e. the
case in which the model CBL height is chosen to coincide with
the height of minimum buoyancy flux.
For the flux of specific humidity, the combination of the zero-
order models for the buoyancy and top-down scalar leads to a
linear profile that varies between Fq,0 at the surface and
F(0)q,i = (1/2)
{
1 + (2 − ϕ)A(0)
}
Fq,ref (56)
at the CBL top. Substituting ϕ = ϕ(0)cr into this expression yields
(F(0)q,i )cr = Fq,0, which implies a constant vertical flux in the mixed
layer and thus a steady mean specific humidity at transition
between drying and moistening regimes, as expected.
In terms of the basic parameters (cf. Figure 1), the zero-order
model can be summarized as
q(0)ml = qbg,0− 0.58γqzenc + 0.43(Fq,0/B0)N2zenc , (57a)
F(0)q,i = 0.5 Fq,0 + 0.66 γqB0N−2, (57b)
where the numerical factors stem from β(0)χ /2 ≈ 0.58, β(0) −
β(0)χ /2 ≈ 0.43 and 1/2 + A(0) ≈ 0.66. The good approximation
to the parametric dependence of qml in Eq. (52) by the
parametric dependence of q(0)ml in Eq. (57a) stems from the good





(cf. section 3.2). Equations (57) provide the leading-order
dependence of mean properties of specific humidity on the
surface fluxes and lapse rates in the free atmosphere. This is the
first result that we were looking for.
4.3. Variance in the mixed layer
As mentioned in the introduction, not only mean properties but
also properties of the turbulent fluctuations of specific humidity
are key for understanding cloud formation. We discuss the vari-
ance and the skewness of the specific humidity during the remain-
ing sections, focusing on the dependence of these statistical prop-
erties on the surface fluxes and lapse rates in the free atmosphere.
The turbulent fluctuation of the specific humidity, q′ ≡
q − 〈q〉, can be expressed as a linear combination of the turbulent
fluctuations of b and χ by subtracting Eq. (43) multiplied by
zenc/L0 from Eq. (37):
q′/qref = χ ′/χref + ϕ b′/bref . (58)
Hence, the specific humidity variance can be obtained from
q2rms/q
2
ref =(χrms/χref )2 + ϕ2(brms/bref )2
+ 2ϕρbχ (χrms/χref )(brms/bref ). (59)
In addition to the profiles brms and χrms, discussed in section 3.3,
we need the correlation coefficient ρbχ ≡ 〈b′χ ′〉/(brmsχrms) as
a function of {z/zenc, zenc/L0} to obtain the specific humidity
variance as a function of {z/zenc, zenc/L0, ϕ}. This correlation
coefficient is presented in Figure 10(a). We see that the
dependence of ρbχ on the state of development of the CBL,
zenc/L0, is small, less than 5% of the variation with the normalized
height, z/zenc, so that we can consider ρbχ to be solely a function
of the normalized height as a first approximation. The vertical
variation of ρbχ with height is similar to the vertical variation
of the correlation between temperature and specific humidity
reported previously in the literature (Deardorff, 1974; Mahrt,
1991): it is positive in the lower part of the CBL because of warm
and moist thermals, and negative in the upper part because of
entrainment of warm and dry air. Here we find a similar structure
even in the absence of surface moistening (the surface flux of
χ is zero), which indicates that the warm thermals are still less
dry than the fluid between them because of mixing along the
recirculation paths followed by the entrained air.
When looking for scaling laws for qrms, we have to consider the
mixed layer and the entrainment zone separately. In the mixed
layer, the convective scales defined by Eqs (30) and (31) are the
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Figure 10. Profiles of (a) correlation coefficient and (b, c) normalized third-order moments of buoyancy and top-down scalar. Lines indicate time averages over 3–8
convective time-scales zenc/w∗ (5–8% of zenc/L0), and shadows mark intervals of two standard deviations around those averages. [Colour figure can be viewed at
wileyonlinelibrary.com].
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Figure 11. Contour plots of the normalized specific humidity (a) rms and (b) skewness as a function of the normalized distance from the surface and the flux-ratio
parameter ϕ (cf. Eq. (38)): ϕ = 0 corresponds to pure drying conditions and ϕ = 2 to pure moistening conditions. [Colour figure can be viewed at wileyonlinelibrary.
com].
appropriate scales. We can rewrite Eq. (59) as
q2rms/q
2
∗ =(χrms/χ∗)2 + ϕ2(brms/b∗)2
+ 2ϕ ρbχ (χrms/χ∗)(brms/b∗), (60)
having defined
q∗ ≡ (1/2)Fq,ref/w∗ (61)
as convective scale of the specific humidity, and having used
the relationships q∗/qref = b∗/bref = χ∗/χref = L0N/w∗. This




{Fq,0z/h + Fq,1(1 − z/h)} d(z/h) , (62)
i.e. q∗w∗ is equated to the vertical average of a linear reference
flux that varies from Fq,0 at the surface to Fq,1 at the CBL top (e.g.
Cuijpers and Holtslag, 1998; Moene et al., 2006). This definition
of convective scale generalizes Deardorff’s definition (Deardorff,
1970), which retains only a surface-flux contribution.
The function q−1∗ qrms(z/zenc, ϕ) is provided graphically in
Figure 11(a). We observe that this function is relatively constant
in the centre of the mixed layer. Analytically, we can use the
coefficients in Table 4 to write
qrms = 4.3(1 + 0.068 ϕ + 0.057 ϕ2)1/2 q∗ , (63)
valid for z = 0.5 zenc. This expression shows that qrms/q∗ in
the centre of the mixed layer varies less than 20% with ϕ,
which supports q∗ as characteristic scale for the specific humidity
rms. Therefore, the dependence of qrms on the meteorological
conditions is well characterized by the dependence of q∗. In terms
of the basic parameters, the convective scale is
q∗ = (1/2)Fq,0/w∗ + (1/2)Fq,1/w∗ . (64)
Hence, the variance increases whenever the surface flux or entrain-
ment flux of specific humidity increases because the humidity
difference between the ascending and descending branches of the
convective cells increases. Concomitantly, as the CBL grows or
the surface flux B0 strengthens, w∗ increases and the variance
decreases because the air is better mixed. For typical atmospheric
conditions, one finds Fq,ref = Fq,0 + Fq,1 ≈0.1–0.6 g kg−1m s−1
and w∗ ≈ 2 m s−1, which implies q∗ ≈0.02–0.15 g kg−1. Hence,
the specific humidity rms is on the order of 0.1–0.7 g kg−1 in the
mixed layer, which is consistent with measurements (Wulfmeyer,
1999; Couvreux et al., 2007; Muppa et al., 2016; Wulfmeyer et al.,
2016).
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However, near the surface and in the entrainment zone, the
ratio qrms/q∗ varies more strongly with ϕ than in the mixed layer,
confirming that the convective scale q∗ is not appropriate in those
regions (Figure 11(a)). The variance increases with the surface flux
faster than q∗ near the surface (qrms/q∗ grows with ϕ), and slower
than q∗ in the entrainment zone (qrms/q∗ diminishes with ϕ). The
reason for this behaviour is that the increasingly stronger surface
flux causes increasingly stronger near-surface fluctuations, but
this enhancement weakens away from the surface due to mixing.
Last, we note that, in the pure moistening regime (ϕ ≈ 2), the
near-surface variance becomes comparable to the entrainment-
zone variance (Figure 11(a)). This occurs despite production rates
near the surface being more than ten times as large (not shown).
The reason for this apparent contradiction was already exposed
in section 3.3: near the surface, the variance concentrates in the
small scales and dissipation rates are large enough to compensate
the higher production rates. Hence, the large humidity variance
in the entrainment zone is not only due to large production rates,
but also due to small dissipation rates.
4.4. Variance in the entrainment zone
In the upper part of the entrainment zone, where the variance of
buoyancy and top-down scalar peak, b and χ are strongly anti-
correlated (cf. Figure 10(a)). Vertical motions in a region where
the mean gradients of buoyancy and scalar have opposite sign
cause positive buoyancy fluctuations that coincide with negative
scalar fluctuations. Using the approximation ρbχ ,i ≈ −1.0 in




0 {0.23 zenc+(1.08−0.38 ϕ)(0.1 zenc+δb)} (65)
as an estimate for the specific humidity rms in the entrainment
zone, having used the results cb2 ≈ 0.38 and cχ2 ≈ 0.54 (cf.
Table 4). Equation (65) has a form similar to Eqs (32) and
(36) for the buoyancy and the top-down scalar, respectively,
and it can be interpreted similarly, namely as a scaling law
qrms,i ∝ −δq(∂z〈q〉)zi,gq = γqδq − (qbg − 〈q〉)zi,gq , where δq is a
gradient thickness defined similarly to δb in Eq. (33) or δχ in
Eq. (35) (Appendix B). The magnitude of qrms,i is represented
by ≈ 0.3 qref zenc/L0, i.e. 30% of the typical mixed-layer value (cf.
Eq. (49)). Therefore, Eq. (65) predicts that the specific humidity
rms in the entrainment zone is on the order of 0.3–4.5 g kg−1,
which is consistent with measurements (Wulfmeyer, 1999;
Couvreux et al., 2005, 2007; Turner et al., 2014; Muppa et al.,
2016; Wulfmeyer et al., 2016).
Equation (65), along with Eq. (63), is the second main result
that we were looking for, since both expressions allow us to
calculate the rms in the mixed layer and in the entrainment zone
for arbitrary combinations of surface fluxes and lapse rates in the
free atmosphere (cf. Figure 1).
4.5. Skewness
Using Eq. (58), the third-order moment of the specific humidity
can be obtained from the third-order moments of the buoyancy
































We have expressed 〈q′3〉/q3∗ in terms of the skewness of the
buoyancy and the top-down scalar, Sb and Sχ , and in terms of
ρbbχ ≡ 〈b′2χ ′〉/(b2rmsχrms) and ρbχχ ≡ 〈b′χ ′2〉/(brmsχ2rms). The
reason is that, in the mixed layer, these normalized terms are
approximately independent of the state of development of the
CBL, zenc/L0 (Figures 8 and 10(b) and (c)), so that the leading-
order dependence of 〈q′3〉 on zenc/L0 is captured by brms, χrms
and the convective scales. In the entrainment zone, the region of
strong vertical variation in those profiles slightly descends and
narrows as the CBL grows, which is due to the slight decrease over
time of the entrainment-zone thickness relative to zenc (Garcia and
Mellado, 2014). However, the change in magnitude with zenc/L0
remains small, within statistical convergence. The dependence
on the Reynolds number also remains small, within statistical
convergence. Hence, we focus on the dependence on z/zenc
and ϕ.
From Eqs (60) and (66), we can obtain the skewness
Sq ≡ 〈q′3〉/q3rms. The function Sq(z/zenc, ϕ) is provided graphically
in Figure 11(b). For ϕ ≈ 0, i.e. in the pure entrainment-drying
regime, we recover the skewness of the top-down scalar (cf.
Figure 8(b)). The predominance of negative skewness in the
mixed layer for the drying regime has been well documented in
the past, and it is associated with tongues of dry air from the
free atmosphere penetrating deep into the CBL (Deardorff, 1974;
Mahrt 1991; Couvreux et al., 2005; Lanotte and Mazzitelli, 2013).
These tongues are clearly visible in Figure 2.
As we increase the flux-ratio parameter, the skewness remains
practically invariant above z ≈ 0.8 zenc, i.e. the skewness in the
upper part of the CBL is practically the same in the drying
and moistening regimes. The skewness is on the order of −1
in the upper part of the mixed-layer, becomes positive slightly
below the height of minimum mean gradient or maximum rms
(zi,gq ≈ 1.2 zenc), and reaches a maximum above it, at z ≈ 1.3 zenc.
This behaviour is consistent with previous data from observations
and simulations (Deardorff, 1974; Couvreux et al., 2007; Turner
et al., 2014; Muppa et al., 2016).
In contrast, Sq varies strongly with ϕ below z ≈ 0.8 zenc, and
in the lower 20% of the CBL Sq can even change from negative
in the drying regime to positive in the moistening regime. The
use of the sign of the skewness to distinguish between drying and
moistening regimes has often been discussed in the literature.
Mahrt (1991) proposes such an approach based on the analysis of
the source term in the evolution equation of 〈q′3〉 for the limiting
cases of pure drying or pure moistening. However, Couvreux
et al. (2007) shows that the transport term is also important, and
the correspondence between the sign of the skewness and the type
of regime should be restricted at most to the lower part of the
CBL. Here, we further see that this is also not the case because
the relationship between the sign of the skewness and the type
of regime depends not only on ϕ but also on the distance to the
surface (cf. Figure 11(b)): between z ≈ 0.1 zenc and z ≈ 0.2 zenc,
we can have a negative skewness in half of the moistening regime
(ϕ  ϕcr ≈ 1.15); below z ≈ 0.1 zenc, we can have a positive
skewness in half of the drying regime (ϕ  ϕcr ≈ 1.15). Hence,
knowing sign of the skewness is often insufficient to distinguish
between drying and moistening regimes.
5. Conclusions
We have developed parametrizations for the first three moments
and the mean vertical flux of specific humidity in the equilibrium
(quasi-steady) entrainment regime of cloud-free CBLs without
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a mean wind. The analysis has been based on a top-
down–bottom-up decomposition. Appropriately combining the
buoyancy and top-down scalar, we have constructed the specific
humidity field for arbitrary combinations of control parameters
{B0, N2, γq, Fq,0}, where B0 and −N2 are the surface flux and
lapse rate of buoyancy, and Fq,0 and γq are the surface flux and
lapse rate of specific humidity.
Direct numerical simulations have been used to ascertain the
coefficients of the scaling laws. The sensitivity of the results to the
Reynolds number is ≈ 5% or less in mixed-layer properties, and
≈20% or less in entrainment-zone properties, despite changes
in Reynolds number by a factor of 3. This degree of Reynolds
number similarity further supports the applicability of direct
numerical simulations to investigate some aspects of atmospheric
turbulence.
We have first studied mean properties and the transition
between drying and moistening regimes. We have shown
that the entrainment flux of specific humidity in the pure
drying regime is commensurate with γqB0N−2. Based on this
result, we have demonstrated that the flux-ratio parameter
ϕ = 2Fq,0/(Fq,0 + γqB0N−2) proves convenient to characterize
the statistical properties of the specific humidity: it varies
between 0 for the pure drying regime and 2 for the
pure moistening regime, and the transition between drying
and moistening regimes occurs at ϕcr ≈ 1.15. This condition
corresponds to Fq,0 ≈ 1.35 γqB0N−2, a relationship that allows
us predict the moisture regime of the shear-free CBL for
given meteorological conditions. Based on these results, we
have constructed a zero-order model for the specific humidity
(Eqs (57)).
We have then discussed the rms of q. We have demon-
strated that, in the mixed layer, the convective scale
q∗ = (1/2)(Fq,0 + γqB0N−2)/w∗ explains more than 80% of the
variation of the specific humidity rms with ϕ. A parametriza-
tion for the remaining 20% variation has also been provided,
in case it is needed (Eq. (63)). As expected, the convective scale
does not characterize the near-surface region nor the entrain-
ment zone. Near the surface, the specific humidity rms increases
faster with ϕ than the convective scale, and in the entrainment
zone slower. The reason is that the increase of the surface flux
with ϕ enhances near-surface fluctuations, but this enhancement
weakens away from the surface due to mixing. The specific humid-
ity rms in the entrainment zone has been parametrized based
on entrainment-zone scales (Eq. (65)). We have also demon-
strated that the large rms in the entrainment zone is not only
due to large production rates, but also due to low dissipation
rates.
Last, we have studied the skewness. The skewness of q is
negative in the mixed layer and becomes positive slightly below
the height of minimum mean gradient of q (or maximum rms),
in agreement with previous observational and numerical data. In
addition, we have found that this behaviour is independent of
ϕ, i.e. independent of the surface fluxes and lapse rates in the
free atmosphere. However, in the lower 20% of the CBL depth,
the skewness depends strongly on both the vertical distance
from the surface and the meteorological conditions. Between
z ≈ 0.1 zenc and z ≈ 0.2 zenc, the skewness is negative in half of
the moistening regime (ϕ  ϕcr ≈ 1.15); below that region, the
skewness is positive in half of the drying regime (ϕ  ϕcr ≈ 1.15).
Hence, using a positive skewness near the surface as an indicator of
the moistening regime, as conjectured before based on single-case
studies, is not robust.
Appendices
Appendix A: Proof of Eq. (11)
Let use construct the following scalar field:
ξ = q − qbg,0 − (Fq,0/B0) b
− {γqL0 + (Fq,0/B0)N2L0}χ . (A1)
From the evolution equations for q, b and χ , we obtain that the
evolution equation for ξ is
∂tξ + uj∂jξ = κ∂jjξ , (A2)
with the Neumann boundary conditions ∂zξ = 0 at the top and
bottom boundaries, and the background profile is ξbg = 0. Hence,
ξ tends to zero as turbulence mixes vertically any initial condition
of ξ . The solution ξ = 0 implies Eq. (11), which is what we
wanted to demonstrate.
Provided an initial condition ξ = 0 within a depth δξ next to
the surface, an estimate for the rate of decrease of ξ once zenc  δξ






Since the vertical integral of 〈ξ 〉 is constant, the vertically
averaged value decreases as z−1enc, i.e. as t−1/2 (Eq. (7)).
Appendix B: Interpretation of Eq. (65)
Here we demonstrate that Eq. (65) for qrms,i can be interpreted
similarly to Eq. (32) for brms,i and Eq. (36) for χrms,i, namely as an
approximation to the rms in the entrainment zone by the product
of the gradient thickness and the local mean gradient,
qrms,i ≈ −cq2 δq(∂z〈q〉)zi,gq . (B1)
zi,gq is the height of minimum gradient of the mean specific






We organize the discussion in two steps. As a first step,
we relate zi,gq and δq to the corresponding properties of the
buoyancy and top-down scalar using Eq. (43). This equation and
the approximation zi,gχ ≈ zi,gb, which is satisfied within 5% (cf.
section 3), imply that the minimum mean gradient of q also
occurs near that height, i.e. zi,gq ≈ zi,gb. We denote that common
height by zi,g. With this result, we can substitute Eq. (43) into
Eq. (B2) and use Eqs (33) and (35) to obtain
(δq − δχ )χ−1ref {∂z(χbg − 〈χ〉)}zi,g
+ ϕ (δq−δb)b−1ref {∂z(bbg−〈b〉)}zi,g = 0 . (B3)
Since δχ ≈ δb (cf. Figure 7(c)) and this equation needs to be
satisfied for any ϕ, the solution is δq ≈ δb. We denote that
common thickness by δ.
As a second step, we recall that the definitions of δ yield
δ(∂z〈b〉)zi,g = N2δ + (bbg − 〈b〉)zi,g ,
−δ(∂z〈χ〉)zi,g = L−10 δ − (χbg − 〈χ〉)zi,g , (B4)
−δ(∂z〈q〉)zi,g = γqδ − (qbg − 〈q〉)zi,g .
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The mean values in the right-hand side are unknown. As a first
approximation, we estimate them as an average between the
values inside and outside the penetrating thermals,
〈b〉zi,g = σ bml + (1 − σ )(bbg)zi,g ,
〈χ〉zi,g = σ χml + (1 − σ )(χbg)zi,g , (B5)
〈q〉zi,g = σ qml + (1 − σ )(qbg)zi,g ,
where 0 ≤ σ ≤ 1 is an intermittency factor, i.e. the area fraction
occupied by the penetrating thermals in a horizontal cross-section
at z = zi,g. We obtain the following expressions:
δ(∂z〈b〉)zi,g = N2δ + σ {(bbg)zi,g − bml},
−δ(∂z〈χ〉)zi,g = L−10 δ − σ {(χbg)zi,g − χml}, (B6)
−δ(∂z〈q〉)zi,g = γqδ − σ {(qbg)zi,g − qml},
Substituting into these equations the result zi,g ≈1.2 zenc (cf.
Table 3) and the parametrizations for the mixed-layer values
derived in sections 3.1 and 4.1, we obtain
δ(∂z〈b〉)zi,g=brefL−10 {δ + σ (1.2 − β)zenc},
−δ(∂z〈χ〉)zi,g=χrefL−10 {2δ + σ (2.4 − βχ )zenc}, (B7)
−δ(∂z〈q〉)zi,g=qrefL−10 {(2−ϕ)δ+σ [1.2(2−ϕ)+βq]zenc}.
Using σ = 1/2, the first equation multiplied by cb2 yields Eq. (32),
and the second equation multiplied by cχ2 yields Eq. (36). We
now show that the third equation multiplied by cq2 approximates

















If we approximate the constants cb2 ≈0.38 and cχ2 ≈0.54 (cf.
Table 4) by their mean value 0.46, which is valid within 20%, and








This equation leads to Eq. (65), which is what we wanted to
demonstrate.
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